This section considers a special type of topology called an a-topology. As we shall see in our later work, a metric space over an ordered field results in an a-topology.
Introduction
If F is an ordered field, an F-metric space is a set X together with a metric p : X x X -> F. This concept appears to be an interesting generalization of the classical real metric space. An example of a nonclassical F-metric space is the hyperreal field *R studied in nonstandard analysis [2, 7, 10, 11, 13, 14] , Besides having mathematical interest, F-metric spaces may have important applications. For example, nonstandard Hilbert spaces, which are a specific class of F-metric spaces, have been recently applied to studies in quantum field theory and statistical physics [1, 4, 6] .
As one would expect, an F-metric space shares some of the properties of a real metric space and does not share other properties. In this paper we study some of these shared and unshared properties. Some of our proofs are similar to the classical proofs. However, a general F-metric space does not have two of the important properties of a real metric space. One of these properties is first countability and the other is the Dedekind completeness of R. Because of this, new techniques must be used for some proofs. It turns out that for an F-metric space there exists a cardinal a such that the intersection of a family, with cardinality less than a, of open sets is open. In general, a may be an uncountable cardinal so this results in a new type of topological space that we call an a-topological space.
We begin with a study of a-topological spaces and the notion of convergence in terms of a-nets. The dual concept of a-compactness is introduced and properties of a-compact sets are studied. We next consider the completion of an ordered field. If F is an ordered field and F + is its set of positive elements, an unbounded subset I of F + is called cofinal. If / is a cofinal set of smallest ordinality /?, then I is minimal cofinal and 0 is the cofinality of F. The /-completion F of F is constructed and it is shown that F is an ordered field. We then study properties of an F-metric space where F has uncountable cofinality. In general, it is shown that such spaces are non-metrizable, O-dimensionaJ and nonseparable. It is also shown that they are compact only if they have finite cardinality.
The next to last section is devoted to /-complete F-metric spaces. Generalizations of Cantor's characterization of complete metric spaces and the Baire category theorem are proved. A generalization of the uniform boundedness principle and other corollaries of the generalized Baire category theorem are given. The final section discusses some miscellaneous results and presents some open problems. Proof. If x is not a cluster point of X{, then there exists an A^ 6 such that X{ is not frequently in N. Hence, Xi is eventually in N c and by Lemma 2.5(a) so is every a-subnet of x,. Hence, no a-subnet of x, can converge to x. Conversely, let x be a cluster point of (x; : i G A). Let 
COROLLARY 2.3. A subset A of an a-topological space is open if and only if every a-net converging to a point in A is eventually in A.
we have Zu(Î<) G M. m
Corresponding to the notion of an a-topology there is dual notion of a-compactness. Let A Ç X where X is an a-topological space. We say that A is a-compact if for any open cover A Ç
there is an open subcover A Ç where A' Ç A and card(zl') < a. We call such a subcover an a-subcover. Of course, an No-compact set is an ordinary compact set. Notice that if card(/l) < a, then A is a-compact. We now show that a-compact sets have some of the usual properties of ordinary compact sets. Proof. This is similar to the standard proof.
• COROLLARY 2.8. An a-compact subset of an a-topological space is closed. The usual proof shows that a closed subset of an a-compact set is acompact and the continuous image of an a-compact set is a-compact . A fam ily of sets {A, : i G A} has the a-intersection property if Dig^' ® for every A' Ç A with card(z\') < a. The proof of the next result is similar to the standard proof. The next result gives a characterization of a-compactness. For a cardinal /?, we say that an a-topological space X is /^-separable if there exists a set A C X such that card(v4) < (3 and A = X. Of course, K0-separable is the usual notion of separable. THEOREM 2.13. Let X be an a-topological space and let (3 be a cardinal with 0 < a. Then X is ¡3-separable if and only i/card(X) < f3 and X is discrete.
Proof. If card(X) < (3, then clearly X is /3-separable. Conversely, suppose X is /3-separable and let {x,-: i G T}, card(T) < /3, be dense in X. Suppose there exists an x G X such that x ^ x^ for all i G T. By the Hausdorff postulate there exist open sets At, i G T, such that x G A{ and r,-^ A{. Since (3 < a, the set A = f]A{ is the neighbourhood of x and A for all i G T. This contradicts the denseness of {xj : i G T}. Hence, X = {x, : i G T} so card(X) < (3. Now any subset B C X has the form B -Uier'{ x '} where T' C T so card(r') < /3. Since singleton sets are closed md 3 < a, B is closed. Hence, X is discrete.
• COROLLARY 2.24. Let X be an a-topological space where a is uncountable. Then X is separable if and only i/card(A") < No and X is discrete.
Completion of ordered fields
Let F be an ordered field and let F + be its set of positive elements. If I C F + is a cofinal set of smallest ordinality /?, then I is minimal cofinal and ¡3 is the cofinality of F. When we consider F as a topological space, we always assume the topology is the order topology. For / C F + cofinal, an /-sequence in a set S is a map i a; from I into S. Notice that if I is minimal cofinal with cardinality a, then I is an a-directed set and an /-sequence is an a-net. In the sequel, / will always denote a cofinal subset of F + .
An /-sequence a; in F converges to a £ F if for any £ 6 F + there exists an n(e) 6 I such that fa,--a| < £ for every i > n(e). An /-sequence in F is null if it converges to 0. An /-sequence a; in F is Cauchy if for every £ 6 F + there exists an n(e) £ / such that ¡aj -aj\ < £ for every i,j > n(e). We say that F is /-complete if every Cauchy /-sequence in F converges. Denoting the set of null and Cauchy /-sequences by 01 and <L, respectively, it is clear that 01 C For (a,), (6,) € <£, we define (a^) + = (a, + 6j) and (a, )(6j) = (a{bi). The proof of the following lemma is classical. Let F denote the quotient ring <£/% Since is a maximal ideal, it is well known that F is a field. We denote the elements of F by a = (a,) + 01. If a € F, we use the notation r(a) = (a, a,...) + 01. We define the set of positive elements F* C F by
The proof of the next theorem is similar to the proof of the classical imbedding theorem of the rationals into the reals. It follows from Theorem 3.2 that we can assume that F is a dense subset of F. Moreover, / is then a cofinal subset of F. The proof of the next result is different than the usual proof for E since the latter uses the well-ordering of N. A longer proof of the next result from a different viewpoint is given in [12] . Proof. Let a, be a Cauchy /-sequence in F. For any i g / there exists an n(i) G / such that n, > i and p,q > n(i) implies that \a p -a,| < 1 ji. By the denseness of F in F, there exist a^ G F such that |aj -Hj| < l/i for every i G I-Let e G F + and choose a j G / such that l/j < e/3. If p, q > n(j), then
Hence, (a,) G <£ and we define b -(a,) -(-We now prove that Hj converges to b. Let e G F^. Then there exists an n G / such that 1/n < e/2. For i> n we have
Also, from Theorem 3.2 (d), there exists an m G I such that -6| < e/2 for all i > m. Hence, if j > max(n, m) we have
We call F the /-completion of F. One can show in the usual way that the /-completion of F is unique up to an isomorphism. That is, if E is an ordered field for which there exists an order-preserving isomorphism T : F -» E with dense range and if E is /-complete, then E and F are isomorphic.
Ordered fields with various cofinalities can be constructed using the methods of nonstandard analysis [2, 7, 10, 11, 13] . Of course R is a complete ordered field with minimal cofinal set N. Thus, the cofinality of E is the first infinite ordinal a;o-The simplest nonstandard construction of the hyperreal field *R proceeds as follows. Let 11 be a free ultrafilter on the power set of N. Define *R = R N /ii where addition, multiplication and order are defined on *R in the natural way. It is well-known that *R becomes an ordered field with minimal cofinal set *N = N N /H. The cofinality of *R, using this construction, is the first uncountable ordinal It can be shown that in this model *R is not *N-complete [8] . Other nonstandard models for *R can be constructed by replacing N with large index sets or by using more sophisticated methods of model theory. In this way, models for *R with arbitrarily large cofinality can be constructed. It can be shown that some of these models for *R are /-complete and others are not /-complete [8] . Other kinds of completeness for *R are studied in [14] .
F-metric spaces
Let F be an ordered field and let X be a nonempty set. We call (X,p) 
y).
For x £ A', r £ F + , the ball centered at x with radius r is
We also define the corresponding closed ball by
The family {B(x,r) : r £ F + , x £ X} is a base for a topology on X. Since R has countable cofinality, the interesting new F-metric spaces are those in which F has uncountable cofinality. We now study some of the properties of such F-metric spaces.
We can consider N as a subset of F. An element e G F is infinitesimal if |e| < 1/n for every n G N. We denote the set of the infinitesimals by 97t(0). The proof of the following lemma is straightforward.
LEMMA 4.2. If F has uncountable cofinality, then 971(0) ^ {0} and F is nonarchimedean.
Recall that a topological space is metrizable if its topology is generated by a real-valued metric. The next result follows from Corollaries 2.12 and 2.14. B^\jB(xi,s/2) »=1 which is a contradiction. We conclude that card(4) < 00. That (c) implies (a) is trivial. • Although compact sets are trivial when F has uncountable cofinality, we still have the notion of an a-compact set where a is the cardinality of a minimal cofinal subset I C F + . In this case, we call the set /-compact. We say that a set A C X is /-bounded if for any £ € F + there exists balls Bi, i G A, with card(zi) < a such that A C Uie^ THEOREM 4. 6 
. Let A be I-compact, (a) Every I-sequence in A has a cluster point in A. (b) A is I-bounded and I-complete.
Proof, (a) This follows from Theorems 2.6 and 2.10. (b) That A is /-bounded is similar to the first part of the proof of Theorem 4.4. To show that A is /-complete, let Xi be a Cauchy /-sequence in A. By part (a), x, has a cluster point x 6 A. For £ G F + there exists an n G / such that p(x{,xj) < e/2 whenever i,j > n. Since x is a cluster point of Xi, there exists a k > n such that x) < £¡2. Then i > n implies that
Hence, x, -• x so A is /-complete.
•
We do not know whether the converses of Theorem 4.6 hold. Following the discussion in the last paragraph of Section 3, *R = R N /il has minimal cofinal set *N. Assuming the continuum hypothesis, it can be shown that card(*N) = Hi. Unfortunately, subsets of *R that we would like to be *Ncompact are not. For example, It is clear that an F-metric space is Hausdorff. Moreover, the classical proof shows that an F-metric space is normal [5].
Complete F-metric spaces
We first discuss the completion of an F-metric space A'. Let I C F + bo cofinal and let (£ be the set of Cauchy /-sequences in X. For Hence, p(xi,yi) is a Cauchy /-sequence in F so p(x{,yi) can be icientiiied with an element of F. If x, y € X, where (x,) 6 x, (y,) € y, wo define />(x, y) = (p(x,, j/,)) € F. Moreover, we define a : X ->• X by <7(.i;) = (x, x,. ..). The proof of the following theorem is straightforward. We call (X,p) the /-completion of (X,p). As usual, (X,p) is unique to within an isometry. The proof of the next result is sirniar to ttio classical proof. Proof. Assume X is /-complete and let Ai C X, i £ /, satisfy the conditions of the theorem. For each i £ /, let ij £ Ai. If £ € F + , then there exists an 7i G / such that r" < e, where r n is a bound for A n . lii,j > n, then Xi £ Ai C A n and xj £ Aj C A n . Hence, p(xi,ij) < r n < e so Xi is Cauchy. Since X is /-complete, i, -• x for some x £ X. For each j £ I, x, £ Aj for i > j and since Aj is closed, we have x 6 Aj. Hence, x € f] Aj. If y G H then p(x, y) < Tj for every j € I. Since Tj 0, we have p(x, y) = 0 so y = x. Therefore, H^j = {a:}-Conversely, assume that X has the stated nested closed sets property. Let x t be a Cauchy /-sequence in X. For each i £ /, let Ai be the closure of the set {xj : j > ¿}. Then Ai is a nested /-sequence of nonempty closed sets. Letting ui -ord(/) we can write I = {i' a : a < a;} where each a is an ordinal. Define an increasing cofinal sequence n a £ /, a < u>, inductively as follows. Suppose np is increasing, np > ip, and np has been defined for all ordinals (3 < a where a < u>. Since I is minimal cofinal, there exists an n € / such that n > np for all ¡3 < a. Now letting n a = max{n, i a } completes the inductive definition. We next define an increasing cofinal sequence m a £ /, a < u>, such that m a > i a and p(x p ,x q ) < 1 ¡n a whenever p,q > m a , inductively as follows. Suppose mp has been defined for all ¡3 < a where a < u>. Since / is minimal cofinal, there exists an m 6 / such that m > mp for all ¡3 < a. Moreover, since Xi is Cauchy, there exists an r £ I such that p(x p ,x q ) < 1 /n a whenever p,q> r. Letting m a = max{m,r, t a } completes the inductive definition.
We have thus constructed a nested sequence of nonempty closed sets A ma C X with bounds 1 /n a , a < w. For i £ I, define Bi = A ma and n, = n a where a is the smallest ordinal such that i < m a . Then Bi is an /-subsequence of Ai with bounds 1/rij, i £ /. Since n^ is a cofinal /-sequence, we have lim Bi = 0. By hypothesis, we conclude that (")/?{ = {i} for some x £ X. Given e £ F + , there exists an i £ / such that l/n; < e and there exists a. j £ I such that Aj C Bi. Hence, if p > j, we have x p £ Aj C Bi. Since x £ Bi, we have p(x p ,x) < 1/nj < e. Hence, a:, -> x. m For the sufficiency part of Theorem 5.3, we did not need the minimality We say that A' has the /-ball property if for any set J C / with card(J) < card (7) This completes the inductive definition. We define the complexifícation of an ordered field F to be the set F c = F X F with addition and multiplication given by
It is straightforward to show that F c is a field. As usual, we write (a, b) = a + ib and define (a + ib)* -a -ib. We call F a square root field if for any a G F + there exists a unique b G F + such that b 2 = a. We then write b = y/a = a 1 / 2 . For example, *R is a square root field. In the sequel, we assume that F is a square root field. We then define the modulus of an element of F c as |a
An F--normed space is a pair (X, || • ||) where X is a linear space over Fc and || • || : X -»• F+ U {0} has the usual properties of a norm. Defining p(x,y) = ||x -2/||, it is clear that an Fc-normed space is an F-metric space. A linear operator T : X -> X is defined in the usual way, and the proof of the following result is standard. An Fc-inner product space is a pair (X, (•,•)) where X is a linear space over Fc and (•, •) : X x X -• Fc has the usual properties of a complex inner product. Defining the norm ||x|| = (x,x) 1 / 2 , we see that X is an Fc-normed space. It is straightforward to show that Schwarz's inequality |(x,j/)| < \\x\\\\y\\ holds. If ||x -2/|| G 2H(0) we write x « y, and if a 6 F satisfies |a| > n for all n € N we call a infinite. A linear operator T on X is symmetric if (Tx, y) -(x, Ty) for all x, y G X.
Let T be a linear operation on A' with domain a subspace T)(T) C A'. As usual, the point spectrum a P (T) of T is the set of A £ F c such that XI -T is not injective, and if (XI -T)x = 0, x / 0, A is an eigenvalue with corresponding eigenvector x. Moreover, the continuous spectrum cr c [T) is the set of A G F c such that A ^ cr p (T), the range of XI -T is dense in A' but (XI -T)~l is not bounded. The next result generalizes a theorem in [6] . The vector x in Theorem 6.3 is called a (unit) ultraeigenvector of T corresponding to the ultraeigenvalue A. The next result also generalizes some theorems in [6] . This last result generalizes a standard Hilbert space theorem. Are there important Hilbert space theorems that carry over to an /-complete F c -inner product space? For example, what about the existence of an orthonormal basis, the Riesz representation theorem, the spectral theorem?
